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The equation of state (EOS), w(z), is the most important parameter of dark energy. We reconstruct the evolu-
tion of this EOS in a model-independent way using the latest cosmic microwave background (CMB) data from
Planck and other observations, such as type Ia supernovae (SNe Ia), the baryonic acoustic oscillation measure-
ments (SDSS, 6dF, BOSS, and WiggleZ), and the Hubble parameter value H(z). The results show that the EOS
is consistent with the cosmological constant at the 2σ confidence level, not preferring a dynamical dark energy.
The uncorrelated EOS of dark energy constraints from Planck CMB data are much tighter than those from the
WMAP 9-year CMB data.
PACS numbers: 95.36.+x, 98.80.Es
I. INTRODUCTION
The acceleration of our Universe was first discovered by ob-
serving type Ia supernovae (SNe Ia) [1, 2]. This unexpected
discovery has been confirmed by the observations on cosmic
microwave background, large scale structure, weak gravita-
tional lensing, and Hubble parameter. Within the framework
of general relativity, the accelerating expansion is attributed to
mysterious dark energy, which has an equation of state (EOS),
w = p/ρ, where P and ρ are the pressure and energy density
respectively. In addition to the cosmological constant, other
many dark energy models have been suggested (for reviews
see [3, 4]).
EOS w is the most important parameter that describes the
properties of dark energy. Whether and how it evolves with
time is crucial for revealing the physics of dark energy. The
evolution of EOS can be reconstructed from data using ei-
ther parametric or nonparametric methods [5]. Simple para-
metric forms of w(z) have been proposed for studying the
evolution of dark energy, such as w(z) = w0 + w1z [6] and
w(z) = w0 + w1z/(1 + z) [7, 8]. Reconstructing the EOS of
dark energy in a parametric method has been widely explored
[9]. However, a simplified dark energy parameterization is
equivalent to a strong and not necessarily theoretically justi-
fied prior on the nature of dark energy [10]. In order to avoid
this shortcoming, the nonparametric approach was proposed
[11–15]. The procedure is to bin w in z, and fit the w in each
bin to data. This method assumes that w(z) is constant in each
bin and has been widely used in the literature. The procedure
is as follows: first performing a Fisher forecast to determine
the eigenmodes of the covariance matrix, and then fitting the
constrained modes to observational data. The Fisher matrix
methodology has been used in predicting the ability of fu-
ture experiments to constrain particular parameters of inter-
est [16]. The Joint Dark Energy Mission team proposed that
this method can constrain binned 36 EOS parameters with fu-
ture data [17]. Another method has also been proposed, which
puts prior directly on the space of w(z) functions [18]. But the
functions may be arbitrary. The Gaussian process is another
method of dealing with stochastic variables [14, 19].
Using the nonparametric methods, two distinctive evolution
of w(z) have been derived, one is consistent with the cosmo-
logical constant [10, 12, 14, 20], and the other supports a dy-
namical dark energy model [21, 22]. Zhao et al. found that
a dynamical dark energy model which evolves from w < −1
at z ∼ 0.25 to z > −1 at higher redshift is favored using the
WMAP 7-year data and other cosmological observations [22].
So the evolutional behavior of w(z) is controversial. More re-
cently, the Planck team has released the first cosmological re-
sults based on the measurement of the CMB temperature and
lensing-potential power spectra, which prefer a low Hubble
constant and high matter density. In this paper, we estimate
the evolution of w(z) using the latest cosmological observa-
tions including the Planck data.
II. METHOD AND RESULTS
We use the nonparametric technique to constrain the uncor-
related EOS of dark energy w(z) [12]. This is a modification
version of the method proposed by [11]. Theoretically, the
luminosity distance dL(z) is given by
dL(z) = (1 + z) cH0 ×

1√|Ωk | sinh
(√|Ωk| ∫ z0 dz˜E(z˜) ) if Ωk > 0∫ z
0
dz˜
E(z˜) if Ωk = 0
1√|Ωk | sin
(√|Ωk| ∫ z0 dz˜E(z˜) ) if Ωk < 0
,
(1)
where E(z) = [Ωm(1+ z)3+Ωx f (z)+Ωk(1+ z)2]1/2, Ωm+Ωx+
Ωk = 1, and
f (z) = exp
[
3
∫ z
0
1 + w(z˜)
1 + z˜
dz˜
]
. (2)
The function f (z) is related to the parameterization of dark
energy. If the EOS is considered to be piecewise constant in
redshift, then f (z) can be described as [20]
f (zn−1 < z ≤ zn) = (1 + z)3(1+wn)
n−1∏
i=0
(1 + zi)3(wi−wi+1), (3)
2where wi is the EOS parameter in the ith redshift bin de-
fined by an upper boundary at zi, and the zeroth bin is de-
fined as z0 = 0. We choose 10 bins in our analysis, e.g.
zi = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.4. Previous stud-
ies only used less than five redshift bins. We fix w = −1
at z > 1.4. This assumption does not affect the derived re-
sults [20–22]. The number of bins and the range are chosen to
be large enough so that the derived results are stable to these
choices.
The luminosity distance depends on the integration of the
behavior of the dark energy over redshift, so the EOS param-
eters wi are correlated. The covariance matrix,
C = 〈wwT〉 − 〈w〉〈wT〉, (4)
is not diagonal. In the above equation, the w is a vector with
components wi and the average is calculated by letting w run
over the Markov chain. We can obtain a set of decorrelated pa-
rameters w˜i through diagonalization of the covariance matrix
by choosing an appropriate transformation
w˜ = Tw. (5)
We use the transformation proposed by [12]. First the Fisher
matrix is
F ≡ C−1 = OTΛO, (6)
and the transformation matrix T is given by
T = OTΛ 12 O. (7)
The advantage of this transformation is that the weights are
positive almost everywhere and localized in redshift fairly
well, so the uncorrelated EOS parameters w˜i are easy to in-
terpret [12].
We apply the above method to a joint data set of the latest
observations including SNe Ia, CMB from Planck and WMAP
polarization, large scale structure and the Hubble parameter
measurement. We use the Union 2.1 SNe Ia sample [23].
We use the distance priors [24] from Planck’s first data re-
lease [25] and WMAP9 polarization [26], such as CMB shift
parameters R = 1.7407 ± 0.0094, la = 301.57 ± 0.18, and
ωb ≡ Ωbh2 = 0.02228 ± 0.0003. The distance priors cap-
ture most of the information of the CMB data for dark en-
ergy properties, and the constraints derived from the distance
prior are almost the same as those derived from the full anal-
ysis [27]. For the baryonic acoustic oscillations (BAO) data,
we use the SDSS DR7 BAO measurements at effective red-
shifts z = 0.2 and z = 0.35 [28], the WiggleZ measurements
at z = 0.44, 0.60, 0.73 [29], the BOSS DR9 measurement at
z = 0.57 [30], and the 6dF Galaxy Survey measurement at
z = 0.1 [31]. The distance ratio vector of BAO is
PobsBAO =

d0.1
d−10.35
d−10.57
d0.44
d0.60
d0.73

=

0.336
8.88
13.67
0.0916
0.0726
0.0592

. (8)
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FIG. 1: Estimation of the uncorrelated dark energy EOS pa-
rameters (w1,w2, ...,w10) at different redshift bins from SNe
Ia+BAO+Planck+H(z) data. The open points show the best fit value.
The error bars are 1σ and 2σ confidence levels. The dotted line
shows the cosmological constant.
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FIG. 2: The probability distributions of uncorrelated dark energy
EOS in each bins (w1,w2, ...,w10). The EOS is tightly constrained
at the first four bins. For other bins, the EOS is poorly constrained.
More high-redshift data is required to reduce the error of EOS.
The corresponding inverse covariance matrix is
CBAO−1 =

4444.4 0 0 0 0 0
0 34.602 0 0 0 0
0 0 20.661157 0 0 0
0 0 0 24532.1 −25137.7 12099.1
0 0 0 −25137.7 134598.4 −64783.9
0 0 0 12099.1 −64783.9 128837.6

.(9)
We also use the 28 independent measurements of the Hubble
3parameter between redshifts 0.07 ≤ z ≤ 2.3 compiled in [32].
There are 12 cosmological parameters in our analysis, such as
ΩM, H0,w1, ...,w10. We take ΩM as a free parameter in our
calculation. According to the observations of Planck, a flat
cosmology is assumed. We also adopt χ2 statistic to estimate
parameters. The likelihood function L is then proportional to
exp
(
−χ2/2
)
, which produces the posterior probability when
multiplied by the prior probability. According to the poste-
rior probability derived in this way, Markov chains are gener-
ated through the Monte-Carlo algorithm to study the statistical
properties of the parameters. We marginalize over the Hubble
constant 73.8±2.4 km s−1 Mpc−1 from Cepheid variables [33].
Figure 1 shows the estimation of the uncorrelated dark en-
ergy EOS parameters at different redshift bins. The dark en-
ergy EOS is consistent with the cosmological constant at the
2σ confidence level. The EOS shows a marginal oscillation
feature (from w < −1 to w > −1) around redshift z ∼ 0.5, but
from w > −1 to w < −1 at z ∼ 0.8. The reconstructed EOS is
consistent with the cosmological constant in all redshift bins
at the 1σ confidence level except for these three bins. In or-
der to determine the need for complex form of w(z), we can
calculate the improvement to the best fit,
χ2eff = −∆(2 lnL) = 2 lnL(w = −1) − 2 lnL(w = wi), (10)
where the likelihood function L is proportional to
exp
(
−χ2/2
)
, L(w = −1) and L(w = wi) represent the
likelihood functions calculated in best-fit ΛCDM and the
best-fit w = w(z) model, respectively. In our calculation, an
improvement of χ2
eff
= 4.0 is found with 12 additional free
parameters. So the cosmological constant can well fit the
observational data. The additional complexity in the dark
energy model is not required.
We also show the probability distributions of uncorrelated
dark energy EOS wi in Figure 2. For the first four bins, the
errors are very small, and the EOS is tightly constrained. The
likelihood distributions are close to Gaussian. At high red-
shift, the probability distributions of wi span a wide range.
We obtain the 1σ error bar around the best-fit value of the wi
parameter. More standard candle data is required to reduce
the error. Long gamma-ray bursts (GRBs) are promising can-
didates, because of their high luminosities and quasi-standard
candle luminosity correlations. Figure 3 shows the uncorre-
lated dark energy EOS parameters at different redshift bins us-
ing SNe Ia+BAO+Planck+H(z)+GRB data. The EOS od dark
energy is almost consistent with the cosmological constant at
the 1σ confidence level. We use the GRB data from [35].
The GRB data covers the redshift range between z = 0.17 and
z = 8.2. The redshift distribution of GRB data is shown in
Figure 4. We can see that almost half of GRBs are at red-
shift z > 1.4, which is the largest SNe Ia redshift in Union
2.1 sample. So long GRBs are a promising complementary
probe of dark energy at high redshifts [36]. Comparing Fig-
ure 1 and Figure 3, we can see that the errors of EOS are
reduced significantly by including GRBs. In order to show
the importance of observation data in the Planck era, we also
present the constraint on uncorrelated dark energy EOS pa-
rameters from SNe Ia+BAO+WMAP9+H(z) data in Figure 5.
The distance priors from WMAP9 are used [37], including the
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FIG. 3: Estimation of the uncorrelated dark energy EOS pa-
rameters at different redshift bins (w1,w2, ...,w10) from SNe
Ia+BAO+WMAP9+H(z)+GRB data. The open points show the best
fit value. The error bars are 1σ and 2σ confidence levels. The dotted
line shows the cosmological constant.
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FIG. 4: The redshift distribution of GRB data. The redshift range of
GRBs is from z = 0.17 to z = 8.2, which is larger than that of SNe
Ia. The farthest SNe Ia is at z = 1.4.
acoustic scale (la), the shift parameter (R), and the decoupling
redshift (z∗). In the calculation, we use the Hubble constant
73.8 ± 2.4 km s−1 Mpc−1 from Cepheid variables [33]. From
this figure, the EOS parameter of one bin (z ∼ 0.75) deviates
the cosmological constant at the 2σ confidence level. The er-
rors of EOS are larger than those of Figure 1. The main reason
is that the distance priors from Planck are significantly tighter
than those from WMAP 9-year data [24].
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FIG. 5: Estimation of the uncorrelated dark energy EOS pa-
rameters at different redshift bins (w1,w2, ...,w10) from SNe
Ia+BAO+WMAP9+H(z) data. The open points show the best fit
value. The error bars are 1σ and 2σ confidence levels. The dot-
ted line shows the cosmological constant. At one redshfit bin, the
EOS deviates the cosmological constant at the 2σ confidence level.
III. DISCUSSION
Previous investigations show that the EOS of dark energy
may be consistent with the cosmological constant or prefers
a dynamical dark energy. In this paper, we apply the latest
CMB from Planck, SNe Ia, BAO from SDSS, 6dF, BOSS,
WiggleZ, and the Hubble parameter value H(z) to constrain
the uncorrelated EOS of dark energy using the nonparametric
technique. We model the EOS as piecewise constant values
in 10 bins. Previous studies only use less than 5 bins. We
find that the uncorrelated EOS is consistent with the cosmo-
logical constant at the 2σ confidence level. But if we use the
CMB data from WMAP9, the results deviate from the cosmo-
logical constant at the 2σ confidence level at one redshift bin.
At present, we find that the cosmological constant is consis-
tent with observations, and no preference of a dynamical dark
energy. We also find that the use of complex form of w(z)
does not provide a statistically significant improvement over
the use of the cosmological constant.
With an increasing data of supernova sample, and improve-
ment in other cosmological observations (such as CMB, BAO,
H(z)), the binned EOS values may be constrained much more
better. Future data, such as from LSST [38] and Euclid mis-
sion [39], will shed light on the evolution of dark energy EOS.
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